We study complex dynamics of a cutting process, a recently developed frictional model of cutting process in [Rusinek et al., 2014] to gain better insight into the mechanics of frictional chatter and the factors affecting it. The new model takes into account the forces acting on the tool face as well as on the tool flank. We first present nonlinear dynamic behavior using bifurcation diagrams for nominal cutting depth and cutting velocity as the bifurcation parameters. Finally, the influence of the various forces on the tool flank on the system dynamics has been systematically studied. This has been performed by comparing the bifurcation diagrams with and without the forces on the flank. These flank forces have been found to largely have a stabilizing effect. These forces however increase the complexity of the solutions and are responsible for some instabilities in the low cutting velocity regime.
Introduction
Even though cutting process is one of the most popular manufacturing method, it generates unwanted vibrations of the tool and the workpiece called chatter which is a complex dynamics phenomenon. Selfexcited chatter vibrations can reduce the volumetric efficiency, increase the tool wear, and decrease the geometric accuracy and surface finish. Therefore, from the practical point of view, a better understanding of the origin of these vibrations is required for developing methods to control them and increase the productivity of these processes. This is achieved via an appropriate mathematical modeling of the process involving the chatter mechanism of interest. Recently, a new model has been developed for the study of frictional chatter in planning/shaping operations [Rusinek et al., 2014] . In this paper, we study this new model in detail to unravel the effect of the various operating parameters and the various forces on the resulting dynamics of the system.
Various chatter mechanisms are known and described in the literature. There are several types of chatter mechanism: frictional, regenerative, mode-coupling and thermo-mechanical one. Frictional and regenerative chatter are the most important and common. The former is typical for conventional cutting where vibrations are caused mainly by velocity dependent cutting forces and nonlinear dry friction force between the chip and the tool [Grabec, 1986; Lipski et al., 2002; Wiercigroch & Budak, 2001; Wiercigroch & Krivtsov, 2001; Wiercigroch & Cheng, 1997] . The latter is produced as a result of outer and inner modulations of chip thickness [Balachandran, 2001; Deshpande & Fofana, 2001; Fofana, 2003; KalmarNagy & Wahi, 2008; Litak, 2002; Namachchivaya & Beddini, 2003; Stepan, 2001; Stepan et al., 2004; Stepan & Kalmar-Nagy, 1997; Wahi & Chatterjee, 2005 Warminski et al., 2000] . However, a number of papers present a cutting force as a nonlinear dependence of various technological parameters [Balachandran, 2001; Marghitu et al., 2001; Moon & Kalmar-Nagy, 2001; Shi & Tobias, 1984; Tlusty & Ismail, 1981] , while the others present an experimental approach, e.g. [Litak & Rusinek, 2011 Litak et al., 2013; Sen et al., 2012] .
The models of orthogonal cutting, which are very popular in the literature, treat the cutting force as a resultant force derived from shearing material. However, shearing is not the only phenomenon during machining. Another effect is friction between the tool and the workpiece or the chip which is neglected in most cases. Meanwhile, the friction force acting on the tool face and the tool flank can influence cutting system dynamics. The tool face force is considered as a main cause of tool wear [Choudhury & Kishore, 2000; Elbestawi et al., 1991; Hastings et al., 1980; Kaye et al., 1995; Li et al., 2006; Ozel & Karpat, 2005; Ozel et al., 2007; Sarhan et al., 2001; Sikdar & Chen, 2002] . In this paper, we show the important role that the friction forces on the tool flank plays on the dynamics of the system.
Despite the fact that the first meaningful model of orthogonal cutting was developed in the middle of the last century [Merchant, 1944] , we had to wait until 1986 when the strongly nonlinear behavior of the cutting process was first reported by Grabec [1986] . Grabec focused on frictional chatter wherein both velocity-dependent cutting forces as well as dry friction between the chip and the workpiece were considered. This study in 1986 spurred a lot of interest in developing meaningful frictional models of cutting process to understand the nonlinear response. The process is still ongoing and new models are still being developed wherein various nonlinearities of the cutting forces are introduced. Most researchers focus on cutting forces that depend on the axial width of cut, the chip thickness or the cutting speed but ignore the possibility of the tool losing contact with the workpiece which introduces significant nonlinear behavior including chaos. Grabec [1986] and Wiercigroch and co-workers [Wiercigroch & Cheng, 1997; Wiercigroch & Budak, 2001; Wiercigroch & Krivtsov, 2001] were the first to account for this kind of discontinuous behavior in their studies of frictional chatter. Wahi and Chatterjee [2005] studied the effect of the nonlinearity introduced due to loss of contact between the tool and the workpiece in their study on the regenerative chatter in the turning process. Moreover, the forces acting on the tool face and flank are treated as one cutting force. However, in this paper we treat them separately and hence are in a position to elucidate the effect of these on the system behavior.
As mentioned earlier, the main focus of this work is on the nonlinear phenomena caused by velocity-dependent cutting forces as well as friction between the various contacting surfaces viz. the tool face and the chip, and the tool flank and the workpiece. We propose a new model of the cutting process, in which vibrations are generated by a combined action of the velocity-dependent cutting forces and the frictional forces acting on various tool surfaces. This model is presented in a more detailed way in the paper submitted to a scientific journal [Rusinek et al., 2014] . Nonlinear dependence of the cutting force on the chip thickness has been ignored for simplicity as well as the self-excited Rayleigh term has been used for modeling the smooth nonlinearity in the friction forces as opposed to the complicated form assumed in [Grabec, 1986; Wiercigroch, 1997; Wiercigroch & Budak, 2001; Wiercigroch & Krivtsov, 2001] . In our approach, we have considered the forces acting on both the tool face as well as the tool flank which gives us a conceptually simpler model. Moreover, the influence of tool flank forces on system dynamics is analyzed here.
The paper is organized as follows: in the next section the models developed in [Rusinek et al., 2014] are explained. In Sec. 3, we study the influence of the forces on the tool flank on the system dynamics. Finally, some conclusions are drawn in Sec. 4.
Model of Tool Face and Flank Force
A free-body diagram of the tool with forces acting on the flank along with forces on the cutting face is shown in Fig. 1(a) . On both these surfaces, there is a normal force which acts due to the cutting mechanism on the cutting face (N 1 ) or the reaction from the workpiece to penetration of the tool on the flank (N 2 ) and a tangential force due to the friction between the chip and the tool on the cutting face (F 1 ) and between the workpiece and the tool on the flank (F 2 ). Forces on the flank result from the formation of a wear flat which is inevitable in any real cutting situation. The model of cutting forces is applied to an orthogonal cutting process (shaping with a straight tool), where the tool is modeled by a two-degrees-of-freedom spring-mass-damper system with effective modal damping and stiffness in two orthogonal directions viz. the cutting direction and perpendicular to the workpiece along the tool axis [ Fig. 1(b) ]. When the tool back rake angle (θ) is very small, it can be neglected, as it is done here. The individual forces on the various surfaces are replaced by equivalent forces (F x and F y ) acting in two orthogonal directions (the horizontal direction x parallel to the workpiece and the vertical direction y perpendicular to the workpiece). The two components of the resultant force from the workpiece and the chip on the tool (F x and F y ) can be obtained by summing the forces in the vertical and the horizontal directions
The next step in completing our modeling of the frictional chatter in orthogonal cutting requires us to get an expression for the various forces (N 1 , F 1 , N 2 , F 2 ) in terms of the process and material parameters. Our model for the cutting force (N 1 ) is based on the nonlinear characteristics of the cutting force originally introduced by Hastings et al. [1980] adapted by Grabec [1986] [ Fig. 2 (a), green color] and later improved by Wiercigroch and Krivtsov [2001] (red color). Here the friction forces (F 1 and F 2 ) are represented by a nonlinear dry friction model based on the self-excited Rayleigh term for the sake of simplicity. The normal force on the tool flank (N 2 ) is modeled through contact stiffness between the tool and the workpiece. The system parameters are chosen for the model such that the resultant force in the cutting direction from our model [black curve in Fig. 2(a) ] matches the characteristics considered by Wiercigroch and Krivtsov [2001] . Note from Fig. 2 (b) that the force in the vertical direction (F y ) is asymmetric about the F y = 0 axis due to the presence of the force N 2 on the tool flank along with the friction force F 1 on the tool face.
Mathematically, the expressions for the normal forces on the various tool surfaces can be written as
where Q o represents the specific cutting force modulus, a p is the instantaneous penetration of the tool into the workpiece (depth of cut), c 1 is a constant controlling the dependence of the cutting force on the relative velocity between the tool and the workpiece (v r ), K con is the contact stiffness and H(.) represents the Heaviside function. Note that the H(v r ) takes care of the loss of contact between the tool and the chip while H(a p ) accounts for the tool coming out of the workpiece. The various quantities of interest in (3) like v r and a p are depicted more clearly in Fig. 3 wherein we have shown a schematic of the cutting process. The dry friction forces on the tool face (F 1 ) and the tool flank (F 2 ) are given by
where µ x , µ y denote the static coefficient of friction between the tool and the workpiece, and the tool and the chip, respectively are constants which govern the nonlinear characteristics of the friction forces between the respective surfaces in contact, v r and v f are the relative velocities between the tool and the workpiece, and the tool and the chip, respectively and sgn() represents the sign function.
As demonstrated in Fig. 3 , the tool along with its tool-holder assembly has been replaced by a two degrees-of-freedom spring-mass-damper system. The tool can vibrate in x (parallel to the workpiece) and y (perpendicular to the workpiece) directions. The cutting operation considered is a shaping operation so that cutting is orthogonal in nature and hence, the forces out of the x-y plane are negligible during the cutting process. This justifies our two degrees-of-freedom model for the combined machine tool-cutting process dynamics. In this model, the tool is replaced by a lumped mass (m) which can move in the x and y directions and the interaction between the tool and the tool-holder assembly is replaced by equivalent dampers with damping coefficients c x , c y , and equivalent springs with spring coefficients k x , k y in the x and y directions respectively. With these simplifications, the equations governing the motion of the tool during the orthogonal cutting operation are given by the following ordinary differential equations:
where the forces F x and F y are obtained by substituting (2) and (3) in (1). This results in 
Influence of Tool Flank Forces on Complex Dynamics
The instantaneous penetration of the tool into the workpiece or the cutting depth a p can be written in terms of the specified depth of cut a po and the tool motion y as
The relative velocities between the tool and the workpiece (v r ), and the tool and the chip (v f ) are related to the nominal cutting speed v o , the shear angle of the workpiece material φ and the tool velocitiesẋ,ẏ by
Note that tan(φ) in the above equation for v f is a consequence of the difference in the chip thickness coming out of the tool and the thickness of the workpiece material approaching the tool in conjunction with a constant material flow rate at the cutting edge.
Finally, using a characteristic time scale determined by the natural frequency of vibrations in the x direction, the nondimensionalized equations of motion take the form:
where
, z y = c y 2mω y and the forces are given by
where q o is the nondimensional cutting force coefficient, a p is the nondimensional depth of cut given by (6), c 1 , α x , β x , α y , β y are the nondimensional constants controlling the nonlinear characteristics of the forces, v r and v f are the nondimensional relative velocities between the tool and the workpiece and the tool and the chip, respectively, given by (7) and k con is the nondimensional contact stiffness. There are several control parameters in these equations that can be changed during an experiment like the nominal cutting speed v o or the nominal depth of cut a po or even the cutting force coefficient q o by varying the mean temperature of the workpiece. For ease of numerical computations, we have replaced the discontinuous sign function sgn(.) and the Heaviside function H(.) in (9) by their smooth approximations using the hyperbolic tangent and the sigmoid functions given by
where σ is a large number; in our computation we assume σ = 500. The above substitution does not have any significant effect on the dynamics of the system, i.e. the difference between the solutions of the smoother version of the equations of motion and the original nonsmooth equation is less than 1e−6 in the range of parameters explored. However, the results are obtained almost 50 times faster with the smoother version using the MATLAB inbuilt command ode45 with a specified tolerance of 1e−6 for numerical integration.
Complex Dynamics of the Cutting Process
Numerical analyses of the cutting model presented in Sec. 2 are performed in MATLAB wherein we have written our own codes for doing the various things like the bifurcation analysis and simultaneously in Dynamics Solver [Aquirregabiria, 2001] . The Dormand-Prince 5(4) numerical integration method is applied in Dynamics Solver, which is an embedded Runge-Kutta method with automatic step size control. First of all, we focus our understanding on the influence of the major cutting parameters viz. the cutting depth a po and the cutting velocity v o on system dynamics through appropriate bifurcation diagrams (Figs. 4 and 6 ). For these bifurcation diagrams, we use a standard set of parameters given by: ζ x = ζ y = 0.01, a po = 0.5, v o = 0.5, q o = 0.9, α = 1, α x = α y = 0.3, β x = β y = 0.1, µ x = µ y = 0.5, tan(φ) = 0.45, k con = 0.5, c 1 = 0.3. Note here that the choice of the parameters α x , α y , β x , β y , µ x , µ y , k con , and c 1 is dictated by the fact that the forces in the x and y directions for these parameter values of our model closely match the corresponding forces given in [Wiercigroch & Krivtsov, 2001] . The other parameters have been directly adapted from [Wiercigroch & Krivtsov, 2001 ] as well. The ratio of the stiffness in the x and y directions, α is another key parameter and its effect on the system dynamic responses will not be studied here in great detail. However, to get an insight into the variation of α on the system dynamics, the detailed parametric investigations of [Wiercigroch & Krivtsov, 2001 ] have been repeated for two different α values, i.e. α = 0.25 and 1. For diagrams exhibiting alteration of v o and a po , we have used a po = 0.5 and v o = 0.5, respectively. Bifurcation diagrams presented below were constructed by plotting the displacements (x and y) at time instants corresponding to the velocity (ẋ,ẏ) being zero. Curves drawn in blue below the bifurcation diagrams represent the variation of the maximal Lyapunov exponent with the variation in the bifurcation parameter. However, the blue curve is shown only in those diagrams where chaotic vibration (signified by its value being greater than zero) is present in the parameter range depicted in the figure.
The cutting speed (v o ) which is directly related to the process productivity is an important technological parameter. According to the traditional understanding, an increased cutting speed can be the main cause of vibrations. However, when nonlinear interactions take place, an increase of the cutting speed can also stabilize the process. Indeed, when the stiffness ratio α is equal to 1, higher cutting speeds stabilize the process. However for cutting velocities in the region before a stable static displacement, a significant increase in the amplitude of the vibration is observed. An interesting fact to note from Fig. 4(a) is that for α = 0.25 and v o lying between 1.1 and 1.6, vibrations grow in the y direction while in the x direction, it practically remains the same (Fig. 4) . Furthermore, it can be observed from Fig. 4 (b) that for α = 1, there is an increase in the magnitude of vibrations in the x direction which is accompanied by a decrease in the vibrations in the y direction in the range of v o = 0.4-0.7, while in the range 0.7-1.3, the reverse is true wherein the magnitude of the vibrations in the x direction decreases while that in the y direction increases. For α = 1, we notice that in the low velocity regime an increase in the velocity is accompanied by an increase in vibration amplitudes which drops down to zero at some v o . Generally, the cutting speed (v o ) above 1.2 is the most beneficial from the practical point of view because after this the vibrations disappear regardless of α (these results have not been reported here). Moreover, for small cutting speeds, we observe the phenomenon of stick slip which introduces further complexity in the cutting process (see the phase portraits under the bifurcation diagrams).
As in most cases the tool stiffness is almost the same in x and y directions, the bifurcation diagrams for α = 1 are especially useful. For this case [ Fig. 4(b) ] a single period-doubling bifurcation (pdb) followed by quasiperiodic responses are observed. This is in contrast to a classical cascade of pdb (a typical route to chaos) obtained for α = 0.25 [ Fig. 4(a) ]. Chaotic motion is confirmed by positive values of the largest Lyapunov exponent near v o = 1.1 (blue curve). This route to chaos is depicted by classical Poincaré maps shown in Fig. 5 . The word classical is used to underline the classical method of generating the Poincaré maps by stroboscopically monitoring the state variables at time-intervals corresponding to one of the natural frequencies of vibration of the system (1 for our nondimensional system). Since the system generates self-excited vibrations whose frequencies are not commensurable to the natural frequency, therefore even the harmonic response does not give one point on the stroboscopic Poincaré map but a closed loop, like for v o = 0.4 (Fig. 5) . A subharmonic motion is represented by the attractor obtained for v o = 0.9 and a chaotic response for v o = 1.1. Interestingly, chaotic behavior has been found only at lower stiffness ratios which are represented here by the value of α = 0.25.
The nominal cutting depth a po is another key parameter of cutting which can strongly influence the system dynamics. From the practical point of view, altering the cutting depth is the simplest way to avoid chatter vibrations. The bifurcation diagram with the nominal cutting depth (a po ) as the bifurcation parameter has been presented in Fig. 6 . All presented cases of the stiffness ratios pdb (0.25 and 1) characterize an increase of vibration amplitude with increasing cutting depth. For small values of a po , the system demonstrates only static displacement without vibrations which is followed by periodic motions appearing via a Hopf bifurcation. This is followed by quasiperiodic motions through a Neimark-Sacker bifurcation. For the case of pdb = 0.25, there are alternating quasiperiodic and subharmonic windows which finally result in a period-1 motion again through an inverse Neimark-Sacker bifurcation at a po = 0.4. This periodic motion persists on increasing the value of a po further with an increase in the amplitudes. However, for pdb = 1, at around a po = 1.7, a period-doubling bifurcation gives rise to a period-2 motion which again becomes period-1 through an inverse period-doubling bifurcation. The presented mode is in concurrence with the well known relationship between the final surface quality and the cutting depth that a bigger depth of cut generates bigger vibrations and then worst surface quality.
After the preliminary study of the system dynamics for our model with varying system parameters, we focus our attention on the influence of the forces acting on the tool flank of the system dynamics in the next section. To this end, we will compare the bifurcation diagrams obtained for our full system with those obtained by dropping the friction force and/or the normal force acting on the tool flank.
Effect of Tool Flank Forces on System Dynamics
Substituting k con = 0 into (5), we get the system where the forces on the tool flank are neglected (N 2 = T 2 = 0) and our new model becomes convergent to models existing in literature, previously developed by Grabec [1986] and Wiercigroch and Krivtsov [2001] . A study of this case helps us in getting better insights on the role of the tool flank forces on the overall system dynamics. Comparing the bifurcation diagrams versus cutting velocity v o for k con = 0 (Fig. 7) and for k con = 0 (Fig. 4) , one notices some differences in the system behavior. It is easier to note from these figures that neglecting the tool flank forces results in more complex process dynamics which manifests itself through wider chaotic regions (represented by the positive maximal Lyapunov exponent drawn in blue). For very small cutting velocity and stiffness ratio α = 0.25 [ Fig. 7(a) ], regular vibrations go to chaotic (v o = 0.02-0.03), next to subharmonic (v o = 0.06-0.08) and harmonic at v o = 0.08, which is precisely depicted in a zoomed view of this region in Fig. 8 . Poincaré maps for different v o values are shown in Fig. 10(a) where the chaotic attractor is sandwiched between subharmonic ones. Between v o = 0.08 to v o = 0.5, the periodic vibrations persist and it once again goes to chaos through a cascade of period-doubling bifurcation (v o = 0.5-0.9). For the stiffness ratio of α = 1, the chaotic region appears as well between v o = 1 to 1.15 which is in contrast to the observation for the same ratio from Fig. 4(b) where forces on tool flank were present. This implies that these forces have a stabilizing influence on the process and help in avoiding chaos. As far as cutting depth is concerned for bifurcation parameters, the system behaves in a classical manner (in the sense that higher depth of cut leads to higher vibration amplitude) both when k con = 0 (Fig. 9 ) and k con = 0 (Fig. 6) . However, when k con = 0, the subharmonic vibrations lead to chaos whereas there was no chaos for the same parameter regime in Fig. 6 . The typical route to chaos in Fig. 9 is depicted through Poincaré maps in Fig. 11 . The final study that we undertake is to investigate the effect of the friction force between the tool and the workpiece at the flank on the system dynamics. To this end, we substitute the friction coefficient µ x = 0 that causes the friction force on the tool flank to vanish (F 2 = 0) but the normal force on the tool flank is present (N 2 = 0). In this study, we again first focus on the nominal cutting velocity v o as the bifurcation parameter. Comparing the bifurcation diagrams for α = 0.25 and α = 1 with no forces on the tool flank ( Fig. 7) and with no friction force on the tool flank (Fig. 12) , the effect of the friction force can be observed. Again we observe chaotic and irregular solutions supporting the proposition that the friction force on the tool flank has a stabilizing effect since the system with the friction force on the tool flank had no chaotic motions. Furthermore, it can be concluded that the normal force on tool flank (N 2 ) is to a certain extent, destabilizing the system because the system with F 2 = 0 and N 2 = 0, has a larger range of parameters corresponding to irregular, chaotic motions for α = 0.25 than the corresponding system with F 2 = 0 and N 2 = 0. Similarly, for the stiffness ratio α = 1, chaotic behavior now appears at V 0 around 0.6 while it was absent when the forces on the tool flank were absent. The presence of chaos is ascertained by the maximal Lyapunov exponent (blue line in bifurcation diagrams, Fig. 12 ) becoming positive and the Poincaré sections shown in Fig. 14. As far as the cutting depth is considered, the system behaves as expected that means the increase of cutting depth causes bigger vibrations. However, the system shows chaotic irregular behavior for smaller nominal depths of cut and this observation is more prominent for the case of α = 0.25. The Poincaré sections presented in Fig. 15 clearly show that small cutting depths causes irregular motions with smaller amplitude. Also it is worth pointing out that there is a small characteristic region of quasi-periodic motions for a po around 0.55 [ Fig. 13(a) ] when µ x = 0 and α = 0.25 which did not exist in the two other cases when N 2 = 0, F 2 = 0 (Fig. 6) and N 2 = 0, F 2 = 0 (Fig. 9) . Here, however, neglecting the friction force F 2 and adding the normal force N 2 , the chaotic regions get narrower compared to the case depicted in Fig. 9 (k con = 0). This implies that for this study the normal force on the tool flank have a stabilizing effect which is in contrast to the conclusion from the study with v o as the bifurcation parameter. However, it is to be noted that while considering v o as the parameter, we had chosen a po = 0.5 which is a parameter value higher than the region in which irregular chaotic motions are observed in Fig. 7 , as well as Fig. 13 . Moreover, the study with a po as the bifurcation parameter has been conducted at v o = 0.5 which is below the range for chaotic motions to appear in Figs. 6 and 12. Hence, our conclusions based on the two studies are not in concurrence. Combining these two studies together, we can guess that for small nominal depths of cut and nominal cutting velocities, both the normal force as well as the friction force on the tool flank have a stabilizing effect on the tool dynamics and they restrict irregular chaotic motions. However, for larger depths of cut and cutting velocities, the normal force on the tool flank destabilizes the system while the frictional force on tool flank stabilizes the system and restricts the magnitude as well as the complexity of the observed motions.
Conclusions
The influence of the various forces acting on the tool flank on the dynamics of metal cutting has been examined using a frictional chatter model of metal cutting. The new model exhibits a very different dynamic behavior as compared to already existing models wherein the tool flank forces have been ignored despite the fact that the resultant force characteristics for the new model as well as the already existing model [Wiercigroch & Krivtsov, 2001 ] are very close. The system shows complex responses ranging from periodic, quasiperiodic, subharmonic to even chaotic when the forces on the tool flank are neglected in the new model which is in line with the observations from the previous models. However, inclusion of the tool flank forces results in the annihilation of regions in the operating parameter space corresponding to chaotic responses. Therefore, the normal and friction forces on the tool flank have a stabilizing effect on the system dynamics.
It has been observed in our study that, in general, when both the forces acting on the tool flank (normal and friction force) are neglected, the system dynamics is the most complex with chaotic regions being observed frequently. On the other hand, when only the friction force on the tool flank is omitted (µ x = 0), but the normal force still acts on the tool, some chaotic regions are eliminated compared to the case when both the normal and friction forces are neglected especially for smaller nominal depths of cut and lower nominal cutting velocities. The best practical results are observed when both the normal and friction forces on the tool flank are taken into account. This effect has not been treated widely in the literature till now even though the tool flank forces play a key role in cutting process dynamics as has been established by our study.
Modern cutting technology often uses high speed machining which can avoid chatter vibrations (unstable lobes) resulting from regenerative model of cutting process. Here, we observe that higher cutting velocity also reveals the opportunity of chatter suppression due to velocity-dependent and frictional effects especially for the case of the stiffness ratio α = 1 which is the most common in practice. Therefore, a control of the process by means of increasing the cutting velocity seems to be the most useful. Our study is a first step in the direction towards obtaining a more comprehensive understanding of chatter during cutting process. Future studies involving the regenerative effect as well as better models for the flank forces are required.
